For a square matrix , the smallest nonnegative integer such that rank ( ) = rank ( +1 ) is called the Drazin index of . In this paper, we give some results on the Drazin indices of sum and product of square matrices.
Introduction
For ∈ C × , the smallest nonnegative integer such that rank( ) = rank( +1 ) is called the Drazin index of , denoted by ind( ). The Drazin inverse of is the unique matrix satisfying +1 = , = , and = , where = ind( ) (see [1] [2] [3] ). When ind( ) ⩽ 1, is called the group inverse of , denoted by # . If ind( ) = 0,
The theory of generalized inverses is an active research field in computational mathematics, and the Drazin index plays an important role in the study of the Drazin (group) inverse. Some results on the Drazin indices of matrices (operators) can be found in [4] [5] [6] [7] [8] [9] . For any ∈ C × , it is known [10] that there exist nonsingular matrices , Δ and nilpotent matrix such that
ind( ) is the smallest nonnegative integer such that = 0; that is, ind( ) = ind( ). Hence, ind( ) is the smallest nonnegative integer such that the group inverse of exists.
In this paper, we give some results on the Drazin indices of sum and product of square matrices.
Some Lemmas
In order to prove our main results, we give some lemmas as follows.
Lemma 1 (see [7] ). For any ∈ C × and nonnegative integer , the limit lim → 0 + ( + ) −1 exists if and only if ⩾ ( ).
Lemma 2 (see [8, 11] ). Let = ( 0 ) be a square complex matrix, where is square. Then,
Lemma 3 (see [8, 11] ). Let = ( 0 ) be a square complex matrix, where is square. Then,
Lemma 4 (see [12] exist and rank( ) = rank( ) + rank( ).
Lemma 6 (see [9] ). For any ∈ C × , ∈ C × , | ( ) − ( )| ⩽ 1.
Main Results
For a square matrix , let = − . We first give an upper bound for the Drazin index of the sum of two square matrices. We can obtain the following result from Theorem 7.
Corollary 9. Let , be square complex matrices such that = 0. Then,
It is known that ind ( ) ⩽ ind( ) + ind( ) + 2 under the conditions = 0, = 0 or = 0, = 0 (see [13] ). A better upper bound is given as follows. ) −1 , where
Since ⩾ max{ind( ), ind( )}, the group inverses of ( ) and ( ) both exist. Lemmas 4 and 5 imply that there exist matrices , such that 1 = 
Hence, ( ) and ( ) are similar.
Corollary 12.
For , ∈ C × , if ( ) = , then ( ) and ( ) are similar for any ⩾ + 1.
Proof. By Lemma 6 and Theorem 11, ( ) and ( ) are similar for any ⩾ + 1.
The following corollary is a special case of Theorem 11. 
